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AbstmL Wth both longitudinal optical (W) and sulface optical (so) modes included, the 
polaronic e&% on the quantumconfined Stark effen in quantum wells is investigated 
by meam of lhe variation technique. For an infinite and a finite well the significant 
eMTeaion8 atlribuled to LI) and s3 modo are calculated. I1 L. found that the Stark shift 
will be weakened by the w-phonon eKect and enhanced by the so-phonon effect. It is 
also shown hat  the influence of electron-phonon interadions depends not only on the 
well width but alx, on the potential barrier. 

1. Introduction 

The quantum-confined Stark effect (QCSE) in a semiconductor quantum well (QW) 
has recently attracted a great deal of interest I1-81. 

It is well known that, for QWs and other confined structures under an external 
electric field perpendicular to their layers, the behaviour of the electro-absorption 
is mainly determined by shifting the optical absorption peaks in the QCSE [l]. This 
electron-absorptive effect has already been applied to make a high-speed optical 
modulator, signal-processing devices and so on [9]. 

Initially the theoretical work has been confined to the calculations of the ground 
state in which the infinite-well approximation is employed. Because the band 
discontinuities in semiconductor heterostructures (e.g. GaAs-Ga,-,AI,As) are of the 
order of a few hundred millielectronvolts, for a thin QW the possibility of tunnelling 
from the well should be taken into account. For a finite well subjected to an electric 
field, no exact ground states will exist. If the field k not excessively strong, the 
electron state can be considered as a quasi-ground state because of its long lifetime. 
Both for a ground state and for a quasi-ground state in a QW, in principle, the linear 
combinations of two dependent Airy functions are the exact solution of the eigenstates 
[lo]. However, these solutions are too complicated to use in a real problem. So, many 
techniques of approaching the calculation have also been proposed 17, 11, 121. 

As one of the calculation methods, in both the infinite well and the finite well, 
the variational technique is appropriate in the weak-field limit. It has the advantage 
of providing analytical expressions for the eigenstate energies and the field-dependent 
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trial wavefunctions but also gives numerical results with reasonable accuracy over a 
wide range of moderate electric fields [13]. 

The early theoretical studies concluded that the electron+ptical-phonon coupling 
would play an important role in determining the properties of polarons in QWS [14]. 
In the quasi-two-dimensional (ZD) systems (ionic slabs, Qws and superlattices), the 
virtual coupling of a quasi-free electron with hulk longitudinal optical (LO) phonons 
has been investigated [U], in which the usual Frohlich interaction for bulk materials 
was used. In fact, the effects of the confinement of phonons in the quasi-zo systems 
should be taken into account 1161 and then the heterostructures would cause there 
to be. ‘bulk-like’ phonon modes confined to the well layer and also would give rise 
to ‘interface’ (or ‘surface’) modes. With the surface optical (so) phonons included, 
some studies have shown that the so modes would also produce an obvious effect 
on the optical properties of the charge carriers in thin slabs and heterojunctions 
[lq. However, just recently the effect of only the U) modes was considered in the 
calculation of Stark shifts of an electron in an infinite QW by using the interaction 
Hamiltonian for bulk materials [18]. 

In this paper, the polaron effects coming from both the LO and the so modes on 
the QCSE of an electron are investigated in an infinite and a finite GaAs-Ga,-,AI,As 
QW. The polaronic corrections to  energy shifts are calculated using the wriational 
method. It is found that the phonon effects give significant corrections to the Stark 
shifts and the different phonon modes make entirely contrary contributions, i.e. the 
U) effect weakens the Stark energy shift while the so effect enhances it. We also 
lind that, for a thin well in a weak field, the finite-barrier effect enhances the polaron 
corrections as it does the total energy shift. 

2. The effective Hamiltonian 

In the framework of the effective-mass approximation, consider an electron in a QW 
of width L and under an external electric field F perpendicular to well layers (along 
the t direction). The origins of distance and electrostatic potential are chosen to be 
at the centre of the well. Then, the Hamiltonian of the electron-phonon system is 

The first term, the Hamiltonian of the shallow donor, is given by 

He = - ( h Z / 2 m ’ ) ( ~ * / a t Z )  + h2K;/2m’ + V ( Z )  + IeIF: (2) 

where K ,  and p are the wavevector and the position vector, respectively, of the 
electron in the z-y plane and m* is the band mass of the electron. V ( : )  is the 
potential for the electron along the z direction. The second term in (1) represents 
the phonon-field Hamiltonian 
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where a ; f , , ( k )  and am,,(k) are the creation and annihilation operators, respectively, 
for the U) phonon with frequency wm and k is the two-dimensional projection on the 
z y  plane of the wavevector, and b:(q) and b,(q)  are the corresponding operators 
for the So phonon with frequency wSp and wavevector q. The phonon modes are 
specified by the subscripts p and m. The parity index p ,  taking the value + and 
-, refers to the mirror symmetry with respect to the plane z = 0. The index m is 
the quantum number denoting the z component of the Lo-phonon wavevector. For 
even parity (p = +). m is odd and for odd parity (p = -), m is even. The phonon 
frequencies can be expressed in terms of the frequency U,,, of the transverse optical 
(TO) phonon by 

w$ = ( ~ " l / % d ) 4 l  (44 

where co is the static dielectric constant, em is the optical dielectric constant and the 
subscripts 1 and 2 represent the crystals in the areas with I z I  < L/2 and 121 > L/2 
respectively. 

In equation (l), Hi, = H,, + He,, which represents the sum of the 
interaction Hamiltonian operators from LO and SO modes, respectively. 'lb our 
howledge, the appropriate formulation for the polar interaction in ows is currently 
unresolved. Fiist the electron-Lo-phonon interactions were derived by treating the 
lattice dynamics on the basis of the dielectric continuum model, in which the confined 
phonon modes were usually approximated by either slab modes 119, U)] or guided 
modes [21]. The two approximations are acceptable in the conditions k >> r / L  
and k << * / L  respectively [22]. Recently, a simple microscopic model has been 
advanced for the phonon modes of superlattices by Huang and Zhu [23], which is 
more appropriate for k U r / L  (221. n e  purpose of this paper is to discuss the 
contribution of the phonon effects to the energies. In the integral calculations, for a 
well width L = 10-150 the LO self-energy is greatly dominated by the contribution 
of the LO effect in the region k > n / L .  Then the slab modes provide a better 
approximation in the U3 self-energy calculation than other methods do. On the other 
hand, the classification of phonons as bulk-like and interface (surface) modes is valid 
only in the dielectric continuum model [22]. It has already been shown [21] that in 
some respects the interface (surface) modes obtained from the dielectric continuum 
model give a reasonably good representation of the interface (surface) modes. So, in 
order to discuss and compare the influence of the phonon effects from LO and so 
modes, the slab modes are used for a quantitative treatment of the phonon effect in 
the present paper, In addition, for the finite QW studied, although the penetration 
effect is considered, the electron wavefunction will decay very rapidly out of the well 
[12], i.e. the electron is still confined in a narrow region (of width about L). For 
simplicity, in both the infinite and the finite well the interaction operators deduced 
in [19] are employed. 
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where f,,,, f;,p> 9, and 9; are the variational parameters determined by minimizing 
the total energy. 

In the low-temperature limit, no real phonons are proposed to be present in the 
phonon ground state. Hence, we take 10,O) as the wavefunction of the phonon system 
and set e,,,(k)lO,O) = b, (q)JO,O)  = 0. 
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After some straightforward algebra, we directly obtained 
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where V,'B'(z) and V,"'(z) are the effective potentials from the effects of U) and 
so modes, respectively, and directly derived as 

(126) 

where we define I = Lq, the dimensionless coupling constant a of the electron-Lo- 
phonon interaction as 

a = (m*ez/tizul)(l/e,l - 1/eOI) 

U: = 2m*wm/li ugp = 2m*wsp/ti. (14) 

(13) 

and the polaron wavevectors uI and usp as 

3. The wavefunction and energy shifts 

Since. it is exceedingly complicated to obtain an exact solution of the eigenequation 
associated with He,, a trial wavefunction along the z direction should be found in 
our variational approach. Compared with the subhand energy of the conduction 
electron, the effective interaction potentials V,'B)(z) and y(')(:) can he treated as 
perturbations owing to their small values. So, we approximately set the wavefunction 

[-(ti2/2m*)(i3Z/azZ) + V ( z )  + lelFr]l+(z)) = EzI&(z)) .  (15) 

(i) In the infinite-well approximation, the electron can be considered to move in 
an infinite square well along the z direction. In the presence of an electric field, the 
conduction electron is pushed against the field direction and the charge distribution is 
concentrated near the well interface. Then such a physical situation can he described 
well by 

to sat isfy 

where p is the mriational parameter and N(p)  is the normalization constant. The 
corresponding eigenenergy in equation (15) is 

E, = E , ( 1 + ~ z / ~ 2 ) + ~ e ~ F L [ 1 / 2 P + P / ( P Z + ~ 2 ) -  t co thP]  (17) 
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where E, is the ground-state energy at zero field. 
(ii) For a finite QW, we set the potential as 

where Vu is the depth of the finite well. So, the electron can he suggested to be a 
quasi-particle moving in a finite square-well potential along the z direction. For a 
weak Aeld, the trial wavefunction of the electron quasi-ground state in a finite well b 
taken as 

(19) N(P)(1+ P z / L ) W h + / L )  (1.1 6 L/2) 
"1 + P./L)ms(kl/2)exp[qo(f - I.l/L)l ( lzl  > L/2) 

+ ( z )  = [ 
where k, and qo are the characteristic dimensionless wavevectors in the zero-field 
ground state and are given by 

p ,  N ( P )  and E, are quantities corresponding to those in equations (16) and (17). 
For simplicity, we neglect the slight difference between the effective mass in the well 
and that in the harrier and then the eigenenergy can he approximately obtained as 

where 

(z'),  = (L2/4){1 + ( s in ic , ) /k ,  + [ 2 ~ ~ s ~ ( / q , / 2 ) ] / q ~ } - ' [ f  +(sin ku)/ku 

k,, = 2m'L2El/hZ qo = 27n'LZ(& - E , ) / @ .  

E, = E, + [ L 2 / ( L 2  + PZ(~Z)u )1~(21e I~a (zZ)U /L  + h2Pz/27n'L2)) (20) 
b the expected wlue in the ground state at zero field: 

+ ( 2 m  ku)/ki - (2sin ~ c , ) / k i  + (2/qu)(1 + 2/qU + 2/& cos2(ku/2)]. 

(21) 

(22) 

The total energy of the polaron state in a Qw is obtained as 

Et& = ( + ( Z ) \ ~ ~ ~ I ~ ( Z ) )  = E, + E," + E: 
where E," and E: are the self-energies from the expected values of V,cB)(z) and 
~ , ( q ( z ) ,  respectively, i.e. 

= (+(2)lY")(2)14(2)) 

E," = (+( 2) IY"( 2 1 I+( 2)). 

(23) 

In the case of the finite OW, for simplicily, we neglect the slight differences between 
the characteristic parameters of the different media in calculating the coefficiens 
of E," and E:. Inserting the value of p obtained from BEb,/BP = 0 into 
equation (22), we obtain the minimized energy Elol. The field-induced energy shift is 
A E  = E,, - E,; for the infinite well, 
A E =  E,p2/*'+lelFL[1/2P+P/(BZ+7i2)-Qcoth/jl]+AE,B+AES (24a) 

and, for the finite well, 

A E  = [L'/(L' + ~ ' ( Z ~ ) ~ ) ] [ ( ~ ~ ~ ~ F P / L ) ( Z ~ ) ~ +  hzP2/27n'LZ] + A @ +  AE:. 

In both cases, we introduce A E ?  = E:-(E:), and AE:  = E:-( E:), to represent 
the corrections to the energy shift due to the interaction of the electron with U) 
phonons and so phonons, respectively. ( E ? ) ,  and ( E:), are the corresponding 
quantities in their respective ground states with zero field. 

(246) 
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4. Results and discussion 

%king a GaAs-Ga,-=AlJs QW as an example, in the presence of an external 
electric field perpendicular to the well kyers, we compute the energy shifts and the 
corrections attributed to the electron-phonon interaction. In this paper, we consider 
a slow electron (K,, = 0) moving in a thin infinite QW and in a thin finite QW. For 
the finite well, we set the barrier height at Vo = 0.4 eV According to the variation 
method used in this paper, our study is confined to the thin QW subjected to a weak 
electric field. 
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In figures 1 and 2, it is shown that the Stark shifts depend not only on the field 
strength and the well width but also on the finite potential barrier. From comparison 
between the full and broken curves, we can see that the effect of a finite barrier 
height obviously enhances the field-induced energy shift. From our calculations, it 
is also found that the well width is the main factor in influencing the finite-barrier 
effect. f i r  instance, for F = 50 kV an-', when L = 34 A (N = 6), the shift in 
a finite QW is 26 times hrger than that in an infinite QW but, when L = 100 A 
(N = 18), the specilic value rapidly decreases to 2.5 times that in an infinite QW. 
me thicker the well, the smaller the possibility of barrier penetration from the well, 
and so the barrier height effect is greatly weakened with increasing well thickness. 
For a QW with a certain width, an increase in the field strength also weakens the 
finite-barrier effect. However, for a weak field such an influence is so weak that we 
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may approximately regard the ratio of the shift in an infinite well to that in a finite 
well as constant. 

The effect of the electron-phonon interaction on the total energy shift contains 
two parts: AE; and AE:, which are due to the LO- and so-phonon contributions, 
respectively. As shown in figures 3 and 4, both these contributions cause significant 
corrections to the energy shifts and drastically increase when the field becomes 
stronger. The value of the lo-mode correction AE: obtained by us is not as large 
as that calculated in [18]. In the presence of an external electric field, the electron 
is pushed against the direction of the field and close to the interface of the QWS. 
As a result, the electron-so-phonon interaction will increase (i.e. &E: < 0) while 
the electron-lo-phonon interaction will decrease (i.e. &E; > 0). So, the influences 
of the different modes are entirely oontrary: the energy shift is enhanced by the 
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Fig& 7. Plot of the ratio lA@/AEFI versus thicknen of a ow. C U N ~  I is for the 
infinite well and curye II for the finite wll. 

so-mode effect and weakened by the m-mode effect. 
Figures 5 and 6 show us how to change the corrections with the well width. 

Irrespective of how the LO and so self-energies change with the thickness, both their 
corrections to the shifts rapidly become large as t he  thickness increases. Comparing 
the full and broken curves in figures 34, we can conclude that the effect of the 
barrier height enhances the corrections from the phonon effect5 a~ it does the total 
energy shifts. It is also influenced mainly by the well width as shown in figures 5 and 
6. The finite-barrier effect is so obviously weakened when the well becomes thicker 
that for a sufficiently thick ( L  > 150 A) finite well the corrections will make the 
results close to those for an infinite well. 

In our calculations, we find that for a weak field the value of lAE:/AE;) will 
depend only on the well thickness. The change in lAE:/AE!I as a function of 
the well thickness is plotted in figure 7 to compare the contributions due to the so- 
mode and the Lo-mode effects. It is obvious that for a very thin well the correction 
of the electron-phonon interaction to the energy shift will be mainly attributed to 
the so-mode contribution. With increasing well thickness, the Lo-mode contribution 
rapidly becomes dominant. In particular, as the well becomes sufficiently thick, the 
correction due to the phonon effect will mainly depend on the electron-bulk-io- 
phonon interaction. As shown in figure 7, only for a very thin well k the influence 
of the finite-barrier effect on the ratio lAEs/AE!I very strong and obvious. 
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